
The Troubled Geometry of 
Data Visualization

Noah Bergam
Joint work with on two recent papers:

Szymon
Snoeck

Nakul
Verma



Given (dis)similarity data about objects X = {𝑥!, … , 𝑥"},
embed them “usefully” as {𝑦!, … , 𝑦"} ⊂ ℝ#$.

cells words

What is data visualization?

algorithm used above: t-distributed stochastic neighbor embedding (t-SNE)



Why is data visualization important?

Argument 1: exploratory data analysis
- partial evidence, a tool for hypothesis generation

Argument 2: eases scientific communication
- clear visual evidence, makes papers prettier

Argument 3: the hardest type of dimension reduction



fundamental tradeoff for dimension reduction:
[structure preserved] vs [output dimension]

data visualization pushes this to the limit…
and it shows…
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What can we hope to preserve?

Say X = {𝑥!, … , 𝑥"} ⊂ ℝ"#!
Want to embed in {𝑦!, … , 𝑦"} ⊂ ℝ$.

isometry
- 𝑑 = Ω(𝑛)
approx. (1 + 𝜖) isometry
- 𝑑 = Ω(log 𝑛 /𝜖%) [LN’16]
neighbor preservation?



The sphericity model

X = {𝑥!, … , 𝑥"}à neighborhood graph G = 𝑋, 𝐸 .

Let dim(𝐺) (“sphericity of G”) = smallest d s.t. ∃f: X → ℝ$ where

𝑥, 𝑥! ∈ 𝐸 ↔ ∥ 𝑓 𝑥 − 𝑓 𝑥! ∥ ≤ 1

Main Result: for most G, dim G ≍ 𝑛.  [Reiterman89]

(We call f a “spherical embedding of G”)
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Main Result: for most G, dim G ≍ 𝑛.  [Reiterman89]

Proof sketch: 
Upper Bound: PCA of (modified) adjacency matrix 𝐴.
Observe 𝑛𝐼 − 𝐴 is PSD.
Take 𝑋𝑋% = 𝑛𝐼 − 𝐴. If 𝑋 = [𝑥!, … , 𝑥"], then

∥ 𝑥& − 𝑥' ∥= 2𝑛! − 2 ⋅ 1[ 𝑖, 𝑗 ∈ 𝐸]



Main Result: for most G, dim G ≍ 𝑛.  [Reiterman89]

Proof sketch: Lower Bound: polynomial sign counting.
Suppose all graphs have sphericity ≤ 𝑑
Let X& = 𝑥!' , … , 𝑥"' ∈ ℝ$×" be a spherical embedding of G.
Define 𝑝)* 𝑋 = ∥ 𝑥! − 𝑥" ∥# −1 for 𝑖 ≠ 𝑗 ∈ [𝑛] .
Each G invokes distinct sign pattern on {𝑝)*}.
Need high dimension to accommodate! (cf. Warren’s Theorem) 



Further difficulties with sphericity

0 1

neighbors non-neighbors

might need exp(n) precision to distinguish this 
threshold [KM’12]

∥ 𝑓 𝑥 − 𝑓 𝑥( ∥ ≤ 1 ⇔ 𝑥, 𝑥( ∈ 𝐸



Main Idea: decouple thresholds

0 1 α

neighbors non-neighbors

advantage: robustness

advantage: slackness0 α 1

neighbors non-neighbors

Definition:  dim! 𝐺 for 𝐺 = (𝑋, 𝐸) is the 
smallest d such that ∃ f: X → ℝ"

𝒖, 𝒗 ∈ 𝑬 ⟹ 𝝆 𝒇 𝒖 , 𝒇 𝒗 < 𝟏
𝒖, 𝒗 ∉ 𝑬 ⟹ 𝝆 𝒇 𝒖 , 𝒇 𝒗 ≥ 𝜶





The slack case is non-trivial!

Quibble: If 𝜶 < 𝟏, I can embed 
any graph onto the regular simplex!

Counter: we are minimizing dimension

Definition:  dim!(𝐺) for 𝐺 = (𝑋, 𝐸) is the 
smallest d such that ∃ f: X → ℝ"

𝒖, 𝒗 ∈ 𝑬 ⟹ 𝝆 𝒇 𝒖 , 𝒇 𝒗 < 𝟏
𝒖, 𝒗 ∉ 𝑬 ⟹ 𝝆 𝒇 𝒖 , 𝒇 𝒗 ≥ 𝜶



𝑮 = (𝑽 = 𝟏, 𝟐, 𝟑 , 𝑬 = 𝟏, 𝟐 , 𝟐, 𝟑 )

minimizing dimension 
naturally avoids the simplex case



We initiate a study of 𝛼-preservation 
(and further generalizations of sphericity).



Optimistic Outlook

For	almost	all	n-points	graphs	

(slack case) 𝐝𝐢𝐦𝜶 𝐆 ≍ 𝐥𝐨𝐠𝒏 ⋅ 𝟏

𝟏#𝜶𝟐 𝟐 for 𝛼 < 1

exponentially easier than sphericity!

(robust case) 𝐝𝐢𝐦𝜶 𝐆 ≍ 𝐧 for 1 ≤ 𝛼 ≤ 1 + 1/ 𝑛

robustness doesn’t cost much!



Pessimistic Outlook

(𝛼 ≥ 1)-neighbor-preservation of 𝐺),+ relaxes 
isometric embedding of X
but suffers the same Ω(𝑛) lower bound!

(𝛼 < 1)-neighbor-preservation of 𝐺),+ relaxes
near-isometric (1/𝛼-distortion) embedding
but suffers the same Ω(log 𝑛) lower bound!

Input metric X = {𝑥!, … , 𝑥"}. 
Let 𝐺+,- = radius-r neighborhood graph



Takeaway:
Neighbors are as hard to 
preserve as distances…
- for worst case input.
- for average case input.

What about structured cases?
- X = n-samples from k-manifold Ω 𝑘
- X = n-samples from noisy k-manifold Ω log 𝑛
- X = n-samples from k clusters Ω log 𝑛



data visualizations must fail 
to preserve neighbors…

but what do the patterns of 
failure look like?
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Why focus on t-SNE?
(t-distributed stochastic neighbor embedding)



Limitations of Linear Methods

Random projection (Johnson-Lindenstrauss): 
in low dimension, the plot looks Gaussian [DHV’12]

PCA: 
well-known failure modes.





How about “simple” nonlinear approaches?
(manifold learning / kernelized PCA)



Kernel PCA

Let 𝑃"# ∝ 𝑓(𝑥" , 𝑥#) be a kernel of the input.
(for standard PCA, P = X,X)

max
-∈ℝ!×#

𝑇𝑟(𝑌%𝑃𝑌) such that   𝑌𝑌% = 𝐼

Subsumes spectral clustering, most of “manifold learning”

“right behavior” on these à



Kernel PCA

Let 𝑃"# ∝ 𝑓(𝑥" , 𝑥#) be a kernel of the input.
(for standard PCA, P = X,X)

max
-∈ℝ!×#

𝑇𝑟(𝑌%𝑃𝑌) such that   𝑌𝑌% = 𝐼

This “hard normalization” causes instability and artifacts

the problem 



input 1
Kernel PCA output

input 2
Kernel PCA output

“The Price of Normalization” [GZKR’08]



A spikey signature

locally linear embedding (LLE) of MNIST



t-SNE 
“just 

works”



The success story

Among the most cited ML papers; a staple in single-cell bio research.

What accounts for its (unique) success?
- It uses a “soft” normalization (in contrast to K-PCA)
- There’s an “asymmetry” between input kernel and output kernel.
- (Marketing, momentum, ease of use, simple gradient…)



How does it work (briefly)

From X = {𝑥=, … , 𝑥>} ⊂ ℝ>?= , produce “soft k-nearest neighbor” kernel P.
From Y = {𝑦=, … , 𝑦>} ⊂ ℝ@ , initialize “fat-tailed” kernel Q.

Normalize the kernels, treat them as probability distributions. Solve:

min0 KL(P||Q0)

Unique asymmetry between P and Q
Normalization of kernels induces a soft normalization



Theory about t-SNE: explaining the success

[SS’17] [LS’17] [AHK’18]: proved various forms of the following:

If the original dataset is well-clustered, 
t-SNE outputs a well-clustered visualization

It guarantees t-SNE will generate true positives.

No theory literature on false positives or false negatives.



We initiate a theoretical study 
of t-SNE’s failure modes.



Finding 1: 
misrepresenting cluster structure



Input dataset: mixture of two well-separated Gaussians



Input dataset: mixture of two well-separated Gaussians



Input dataset: mixture of two well-separated Gaussians



Theorem: there exists 
- clustered dataset X
- un-clustered (simplex) dataset X’
- “poison point” 𝑥1
such that (under suitable hyperparameter settings)

TSNE X ∪ 𝑥1 = TSNE X( ∪ 𝑥1 .



Theorem: there exists 
- clustered dataset X
- un-clustered (simplex) dataset X’
- “poison point” 𝑥1
such that TSNE X ∪ 𝑥1 = TSNE X( ∪ 𝑥1 .

Proof:
- Center both datasets at the origin; take 𝑥1 = origin
- 𝑥1 is now the nearest neighbor to every point
- This dominates the information stored in P 

(recall it is a “soft” kNN graph) 



Theorem: there exists 
- clustered dataset X
- un-clustered (simplex) dataset X’
- “poison point” 𝑥1
such that TSNE X ∪ 𝑥1 = TSNE X( ∪ 𝑥1 .

This is a “false negative” construction.
We also have a “false positive” construction.



Theorem: For any dataset X
there exists arbitrarily near-simplex dataset X’
such that TSNE X = TSNE X(

“the impostor”

Reason: normalization of P leads to “additive invariance”



Alternative interpretation: 
t-SNE is most unstable on intrinsically high-
dimensional (near-simplex) data, 



Finding 2:
T-SNE doesn’t just distort cluster structure.

It distorts outliers.



𝛼 = “how extreme is the worst outlier” 

Theorem: 𝛼(any stationary t-SNE embedding) ≤ 4



Theorem: 𝛼(any stationary t-SNE embedding) ≤ 4

Definition of 𝛼(𝑍) à

Proof Idea:
Asymmetry of P and Q
pulls the outlier in!

For 𝑖 = 0, all cancellation happens here.



Credit card fraud dataset (red = fraud)



Discussion

The attributes which make t-SNE strong
(asymmetric kernels, soft normalization)
have provable side effects.

(Empirically, we see similar failure modes in UMAP + alternatives).

Theory is powerful here!
(helped us uncover the poison point attack)



Future Work

(1) General, fine-grained tradeoffs in data visualization / ultra-low-
dimensional Euclidean embedding.

(2) Better understanding of loss surface (for t-SNE and friends)

(3) How to think about data visualization, beyond point clouds…



Thank you!


